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We build the electromagnetic trace anomaly effective term for a generalized linear sigma model
with two chiral nonets, one with a quark-antiquark structure, the other one with a four quark
content. In the leading order of this framework, we study the decays into two photons of the lowest
isosinglet scalar mesons. We find that the direct inclusion of underlying mixing among two- and
four-quark components in the trace anomaly term is essential in order for the model prediction to
agree with the available experimental data on decay width of f0(980) to two photons. Consequently,
this sets a lower bound of 0.5 KeV on the decay with of f0(500) to two photons.
PACS numbers: 12.39.Fe,11.40.Ha,13.75.Lb
I. INTRODUCTION
The inverted mass spectrum of the low lying scalar mesons with respect to the pseudoscalar and vector ones is a
long standing low energy QCD puzzle [1] for which various solutions have been proposed [2]-[26] almost all of them
dealing with the particular quark substructure of the scalar mesons. In a series of papers [27]-[32] we proposed and
studied in detail a generalized linear sigma model with two chiral nonets, one with a two quark substructure the other
one with a four quark content. In this framework the physical scalar states were found to have a significant admixture
of two- and four-quark components, with those below 1 GeV generally containing a larger four-quark component
compared to those above 1 GeV.
The generalized linear sigma model described in [27]-[32] contained, besides the relevant terms pertaining to mass
and interactions, also a term that mocks up the gluon axial anomaly. An extra term corresponding to the electro-
magnetic axial anomaly was further introduced in [30] where the decays of the pseudoscalar mesons to two photons
were computed and studied with a good agreement with the experimental data. It seems then natural to extend this
picture to include also the trace anomaly and analyze the decays of scalar mesons to two photons in the same context.
In section II we briefly present our generalized linear sigma model followed by a derivation of the relevant term
in the Lagrangian that leads to the correct electromagnetic trace anomaly in section III. In section IV we give our
numerical computation for the decay of f0(500) and f0(980) to two photons and discuss the results.
II. GENERALIZED LINEAR SIGMA MODEL
The model of interest is a generalized linear sigma model with two chiral nonets, one with a quark-antiquark
structure M , the other one with a four quark structure M ′:
M = S + iΦ
M ′ = S′ + iΦ′, (1)
where S and S′ represent the scalar nonets and Φ and Φ′ the pseudoscalar nonets. The matrices M andM ′ transform
in the same way under SU(3)L × SU(3)R but have different U(1)A transformation properties. The Lagrangian has
the content:
L = −1
2
Tr[DµMD
µM †]− 1
2
Tr[DµM
′DµM ′†]− V0(M,M ′)− VSB, (2)
where,
DµM = ∂µM − ieQMAµ + ieMQAµ
DµM † = ∂µM † + ieM †QAµ − ieQM †Aµ, (3)
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2and Q = diag(2
3
,− 1
3
,− 1
3
). Here in the leading order of the model which corresponds to retaining only terms with no
more than eight quark and antiquark lines,
V0 = −c2Tr[MM †] + c4Tr[MM †MM †] + d2Tr[M ′M ′†] + e3(ǫabcǫdefMadM beM ′cf + h.c.) +
c3
[
γ1 ln
(
detM
detM †
)
+ (1− γ1) ln
(
Tr(MM ′†)
Tr(M ′M †)
)]2
. (4)
The potential is invariant under U(3)L×U(3)R with the exception of the last term which breaks U(1)A. The symmetry
breaking term has the form:
VSB = −2Tr[AS] (5)
where A = diag(A1, A2, A3) is a matrix proportional to the three light quark masses. The model allows for two-quark
condensates, αa = 〈Saa〉 as well as four-quark condensates βa = 〈S′aa〉. Here we assume [33] isotopic spin symmetry so
A1 =A2 and:
α1 = α2 6= α3, β1 = β2 6= β3 (6)
We also need the “minimum” conditions,〈
∂V0
∂S
〉
+
〈
∂VSB
∂S
〉
= 0,
〈
∂V0
∂S′
〉
= 0. (7)
There are twelve parameters describing the Lagrangian and the vacuum. These include the six coupling constants
given in Eq.(4), the two quark mass parameters, (A1 = A2, A3) and the four vacuum parameters (α1 = α2, α3, β1 =
β2, β3). The four minimum equations reduce the number of needed input parameters to eight. The details of numerical
work for solving this system is given in [32], and for the readers convenience a summary is given in Appendix A.
The fields of interest are the neutral I = 0 scalar mesons:
fa =
S11 + S
2
2√
2
fb = S
3
3
fc =
S1′1 + S
2′
2√
2
fd = S
3′
3 . (8)
The scalars mix with each other within their group and form the physical states:

f1
f2
f3
f4

 = L−10


fa
fb
fc
fd

 (9)
Here L0 is the rotation matrix and depends on the model inputs. Based on the fit in Ref. [32] the first two physical
states are:
f1 = f0(500)
f2 = f0(980) (10)
The experimental candidates for the remaining two states predicted by the model (f3 and f4) are f0(1370), f0(1500)
and f0(1710). However, the exact identification requires inclusion of a scalar glueball which, for simplicity, was not
included in the present order of the model. In this work our main focus is on f0(500) and f0(980).
III. THE TRACE ANOMALY TERM
The electromagnetic trace anomaly has the expression:
θµµ = ∂
µDµ = −β(e)
2e
FµνFµν , (11)
3where θµµ is the trace of the energy momentum tensor, Dµ is the dilatation current, e is the electric charge and β(e)
is the corresponding beta function. Eq. (11) only displays the contribution to trace anomaly due to electromagnetic
group which is relevant for the present work. Note that the full trace anomaly also contains contributions from the
gluon fields and has the expression:
θµµ = ∂
µDµ = −β(e)
2e
FµνFµν − β(g3)
2g3
GaµνGaµν , (12)
where g3 is the strong coupling constant and G
aµν is the gluon tensor.
We apply the method introduced in [33]-[35] where for an arbitrary Lagrangian with fields ηA of mass dimension 1
and ξA with mass dimension 4,
L = −1
2
∑
A
∂µηA∂µηA − V (ηA, ξA), (13)
the improved energy momentum tensor is defined as:
θµν = δµνL+
∑
A
∂µηA∂νηA − 1
6
∑
A
(∂µ∂ν − δµν)η2A (14)
Here the fields ηA and ξA transform under the scale transformation:
δηA = ηA + xµ∂
µηA
δξA = 4ξA + xµ∂
µξA (15)
The trace the energy momentum tensor can be written then as,
θµµ = ∂µ(x
µL)− δL, (16)
which can be computed to be,
θµµ =
∑
A
(4ξA
∂V
∂ξA
+ ηA
∂V
∂ηA
)− 4V. (17)
We shall use the expression in Eq. (17) to derive a suitable effective term that mocks up the electromagnetic anomaly.
Using this approach, it can be shown that the term
Ls = bFµνFµν
{
τ1
[
ln
(
detM
Λ3
)
+ ln
(
detM †
Λ3
)]
+ τ2
[
ln
(
TrMM ′†
Λ2
)
+ ln
(
TrM ′M †
Λ2
)]}
(18)
satisfies the anomaly in Eq.(11) provided that the dimensionless coefficients τ1 and τ2 satisfy the constraint 6τ1+4τ2 =
1. Here in calculations the square of the electromagnetic tensor is assimilated to a scalar field of mass dimension 4.
The term in Eq. (18) is chiral and U(1)A invariant, constructed by analogy with the axial anomaly and is minimal.
It can be however expanded to include other possible contributions with higher orders of Λ (which is expected to be
associated with ΛQCD). By applying Eq. (17) and requiring that Eq. (11) is satisfied we determine b =
e2
12pi2
where
we used β(e) = 1
6pi2
e3.
In order to determine the coupling of the physical scalars, we expand the terms in the curly brackets in Eq. (18)
around the vacuum expectation values of S and S′ to show that these terms are equal to:
{· · · } = 2τ1
[
1
α1
(S11 + S
2
2) +
1
α3
S33
]
+
2τ2
2α1β1 + α3β3
[
α1(S
1′
1 + S
2′
2 ) + α3S
3′
3 + β1(S
1
1 + S
2
2) + β3S
3
3
]
. (19)
Then the coupling of the physical states with the two photons can be read off easily as:
Ffi = 4b
[
τ1
(√
2
α1
(L0)1i +
1
α3
(L0)2i
)
+
τ2
2α1β1 + α3β3
(√
2β1(L0)1i + β3(L0)2i + α1
√
2(L0)3i + α3(L0)4i
)]
(20)
where i = 1 · · · 4 corresponds to the four isosinglet states (where in this work only the first two are of our interest).
The amplitude of decaying to two photons are:
Ai(fi → γγ) = −Ffi(k1µǫ1ν − k1νǫ1µ)(k2µǫ2ν − k2νǫ2µ), (21)
where k1, k2 are the photon momenta and ǫ1, ǫ2 are the photon polarizations. The decay width is given by:
Γ(fi → γγ) = F 2i
m3fi
16π
(22)
where mfi is the mass of the meson fi.
4IV. DECAY RATES AND DISCUSSION
As stated previously, our focus in this paper is on the two photon decays of f0(500) and f0(980). For f0(980) the
experimental value of Γ [f0(980)→ γγ] = 0.31+0.05−0.04 KeV is listed in PDG [1]. Our model prediction for this decay
width is found from Eqs. (20) and (22) with rotation matrices L0 imported from the prior work [32]. In this estimate
the main model uncertainties stem from two of the experimental inputs (m[π(1300)] and A3/A1) used in [32] to fix
the model parameters. In addition, the two new parameters τ1 and τ2 in the trace anomaly in Eq. (18) are a priori
unknown, and therefore, after the constraint 6τ1 +4τ2 = 1 is considered, one of them still remains undetermined and
needs to be varied (we choose to run τ2 because it measures the direct effect of chiral nonet mixing on the anomaly
term in (18)). The result is shown in Fig. 1 versus τ2 with the error bars representing the uncertainties due to
variation of m[π(1300)] = 1.2− 1.4 and A3/A1 = 27− 30. The two horizontal lines give the experimental bounds [1]
discussed above. It can be clearly seen that with small τ2 (which measures the contribution of chiral mixing between
nonets M and M ′) the model predictions do not overlap with the experimental values. This is very consistent with
other observations within this model where it is found that chiral mixing is essential for understanding the global
properties of scalar mesons [32]. It is seen that for values of τ2 ≥ 0.7 and τ2 ≤ −0.8 the model predictions overlap
with experiment.
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FIG. 1: Partial decay width to two photon (KeV) of f2 [or f0(980)] vs τ2 predicted by the leading order of the generalized linear
sigma model. The error bars represent the uncertainty of the model in its leading order and the circles represent the average
predictions at each value of τ2 (the uncertainties shown stem from the uncertainties of m[pi(1300)] in the range 1.2-1.4 and of
the ratio A3/A1 varied in the range of 27 to 30). The two parallel lines show the experimental range for this decay reported in
PDG [1]. Overlap with experiment becomes possible for τ2 ≥ 0.7 and τ2 ≤ −0.8.
Similarly, the prediction for the two-photon decay width of f0(500) is given in Fig. 2. Considering the acceptable
ranges of τ2 ≥ 0.7 and τ2 ≤ −0.8, the prediction of this decay width shows the lower bound of approximately 0.5
KeV (occurring around τ2 ≈ −0.8). This can be compared with other estimates in the literature such as 1.2 ± 0.04
KeV [37] or 10 ± 6 KeV [38]. In [39] the authors made a thorough amplitude analysis of the experimental data for
γγ → π+π− to find the position of the sigma pole at 0.441− i0.272 which corresponds to two scenarios for a decay
width of f0(500) to two photons of 3.1± 0.5 KeV or 2.4± 0.4 KeV. More recently performing a similar analysis Dai
and Pennington [40] found this decay width to be 2.05± 0.21 KeV. They also found Γ(f0(980))→ γγ = 0.32± 0.05
KeV. The decay widths of the low lying scalar mesons were analyzed in the literature from the perspective that they
proceed mainly through pions and kaons loops [41–44]. It is generally hypothesized that because of this assumption
it is hard for these decays to be relevant for the quark substructure of the scalar mesons [1].
In summary, the lower bound of 0.5 KeV for the decay width of f0(500) to two photons obtained in this analysis
(within the leading order of the generalized linear sigma model) is qualitatively consistent with other estimates [37–40].
A more precise prediction is expected when higher order effects are taken into account. Within the current approach
it was also shown that chiral nonet mixing is an essential ingredient in understanding this decay width in which direct
inclusion of mixing in modeling the trace anomaly is needed. This last point further supports the importance of
underlying mixing among two- and four-quark components in exploring the spectroscopy of light scalar mesons.
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FIG. 2: Partial decay width to two photon (KeV) of f1 [or f0(500)] vs τ2 predicted by the leading order of the generalized
linear sigma model. The error bars represent the uncertainty of the model in its leading order and the circles represent the
average predictions at each value of τ2 (the uncertainties shown stem from the uncertainties of m[pi(1300)] in the range 1.2-1.4
and of the ratio A3/A1 varied in the range of 27 to 30). Comparing with Fig. 1, the acceptable region is τ2 ≥ 0.7 and τ2 ≤ −0.8
which sets a lower bound of approximately 0.5 KeV on the decay with of f0(500) to two photons.
Appendix A: Brief review of the Numerical analysis for model parameters and rotation matrices
In this appendix we give a summary of numerical determination of the eight independent Lagrangian parameters of
Eqs. (2) and (4). Five of these eight are determined from the following masses together with the pion decay constant:
m[a0(980)] = 980± 20MeV
m[a0(1450)] = 1474± 19MeV
m[π(1300)] = 1300± 100MeV
mpi = 137MeV
Fpi = 131MeV (A1)
Since m[π(1300)] has a large uncertainty, the Lagrangian parameters would depend on on the choice of this experi-
mental input. The sixth input is taken as the light “quark mass ratio” A3/A1, which are varied over its appropriate
range (in this work we use 27-30).
The remaining two parameters (c3 and γ1) only affect the isosinglet pseudoscalars (whose properties also depend
on the ten parameters discussed above). However, there are several choices for determination of these two parame-
ters depending on how the four isosinglet pseudoscalars predicted in this model are matched to many experimental
candidates below 2 GeV. The two lightest predicted by the model (η1 and η2) are identified with η(547) and η
′(958)
with masses:
mexp.[η(547)] = 547.853± 0.024MeV,
mexp.[η′(958)] = 957.78± 0.06MeV. (A2)
For the two heavier ones (η3 and η4), there are six ways that they can be identified with the four experimental
candidates above 1 GeV: η(1295), η(1405), η(1475), and η(1760) with masses,
mexp.[η(1295)] = 1294± 4MeV,
mexp.[η(1405)] = 1409.8± 2.4MeV,
mexp.[η(1475)] = 1476± 4MeV,
mexp.[η(1760)] = 1756± 9MeV. (A3)
This leads to six scenarios considered in detail in [32]. The two experimental inputs for determination of the two
parameters c3 and γ1 are taken to be TrM
2
η and detM
2
η , i.e.
Tr
(
M2η
)
= Tr
(
M2η
)
exp
,
det
(
M2η
)
= det
(
M2η
)
exp
. (A4)
6Moreover, for each of the six scenarios, γ1 is found from a quadratic equation, and as a result, there are altogether
twelve possibilities for determination of γ1 and c3. Since only Tr and det of experimental masses are imposed for
each of these twelve possibilities, the resulting γ1 and c3 do not necessarily recover the exact individual experimental
masses, therefore the best overall agreement between the predicted masses (for each of the twelve possibilities) were
examined in [32]. Quantitatively, the goodness of each solution was measured by the smallness of the following
quantity:
χsl =
4∑
k=1
∣∣mtheo.sl (ηk)−mexp.s (ηk)∣∣
mexp.s (ηk)
, (A5)
in which s corresponds to the scenario (i.e. s = 1 · · · 6) and l corresponds to the solution number (i.e. l = I, II). The
quantity χsl×100 gives the overall percent discrepancy between our theoretical prediction and experiment. For the six
scenarios and the two solutions for each scenario, χsl was analyzed in ref. [32]. For the third scenario (corresponding
to identification of η3 and η4 with experimental candidates η(1295) and η(1760)) and solution I the best agreement
with the mass spectrum of the eta system was obtained (i.e. χ3I was the smallest). Furthermore, all six scenarios
were examined in the analysis of η′ → ηππ decay in [45] and it was found that the best overall result (both for the
partial decay width of η′ → ηππ as well as the energy dependence of its squared decay amplitude) is obtained for
scenario “3I” consistent with the analysis of ref. [32]. In this work, we use the result of “3I” scenario.
The numerical values for the rotation matrix L0 defined in (20) can be consequently determined. Since two of the
model inputs A3/A1 andm[π(1300)] have large uncertainties, the numerical values of these rotation matrices naturally
have some dependencies on these two inputs. Table I gives numerical values of L0 for three values of m[π(1300)] and
three values of A3/A1.
TABLE I: Rotation matrix L0 for several values of A3/A1 and m[pi(1300)].
m[pi(1300)](GeV)→
A3/A1 ↓
1.2 1.3 1.4
27.0
0.586 −0.110 0.800 0.065
0.204 0.192 −0.045 −0.959
0.608 0.641 −0.380 0.275
0.496 −0.735 −0.462 −0.020
−0.678 0.159 −0.717 −0.001
−0.246 −0.284 0.169 0.911
−0.543 −0.629 0.374 −0.412
−0.430 0.706 0.563 0.000
0.778 −0.233 −0.557 0.172
0.240 0.467 0.376 0.764
0.451 0.625 0.179 −0.612
0.366 −0.580 0.719 −0.114
28.5
0.585 −0.105 0.801 0.065
0.198 0.185 −0.042 −0.962
0.609 0.643 −0.382 0.266
0.498 −0.736 −0.459 −0.019
−0.679 0.152 0.718 0.008
−0.239 −0.274 −0.158 −0.918
−0.544 −0.632 −0.384 0.396
−0.432 0.708 −0.558 −0.003
0.780 −0.223 −0.564 0.154
0.232 0.449 0.359 0.785
0.450 0.634 0.210 −0.592
0.366 −0.589 0.714 −0.098
30.0
0.585 −0.101 0.802 0.065
0.192 0.179 −0.040 −0.964
0.610 0.644 −0.384 0.257
0.499 −0.737 −0.456 −0.018
0.680 −0.146 0.718 0.014
0.232 0.264 −0.148 −0.924
0.544 0.635 −0.393 0.381
0.433 −0.711 −0.554 −0.006
0.782 −0.214 −0.569 0.138
0.225 0.431 0.343 0.804
0.450 0.642 0.239 −0.572
0.367 −0.597 0.708 −0.085
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